We examine the Backus [1] average of a stack of isotropic layers overlying an isotropic halfspace to examine its applicability for the quasi-Rayleigh and Love wave dispersion curves, both of which apply to the same model. We compare these curves to values obtained for the stack of layers using the propagator matrix. The Backus [1] average is applicable only for thin layers or low frequencies. This is true for both weakly inhomogeneous layers resulting in a weakly anisotropic medium and strongly inhomogeneous alternating layers resulting in a strongly anisotropic medium. We also compare the strongly anisotropic and weakly anisotropic media, given by the Backus [1] averages, to results obtained by the isotropic Voigt [2] averages of these media. As expected, we find only a small difference between these results for weak anisotropy and a large difference for strong anisotropy. We perform the Backus [1] average for a stack of alternating transversely isotropic layers that is strongly inhomogeneous to evaluate the dispersion curves for the resulting medium. We compare these curves to values obtained using a propagator matrix for that stack of layers. Again, there is a good match only for thin layers or low frequencies. Finally, we perform the Backus [1] average for a stack of nonalternating transversely isotropic layers that is strongly inhomogeneous, and evaluate the quasi-Rayleigh wave dispersion curves for the resulting transversely isotropic medium. We compare these curves to values obtained using the propagator matrix for the stack of layers. In this case, the Backus [1] average performs less well, but-for the fundamental mode-remains adequate for low frequencies or thin layers.
Introduction 2 Background
Backus [1] shows that-for thicknesses of individual layers that are much less than the wavelength-waves travelling through parallel isotropic layers behave as if they were travelling through a single transversely isotropic medium. An examination and extension of the Backus [1] average, as well as its limitations, are discussed by Bos et al. [7, 8] .
The parameters of this medium are (e.g., Slawinski [9, equations (4.37)-(4.42)])
where c ijk are the elasticity-tensor components of a transversely isotropic Hookean solid. This result is also referred to as the Backus medium. The parameters in expressions (1)- (5) and in expressions (7)- (11) are denoted by c TI ijk . However-even though the former are a special case of the latter and both share the same material symmetry-they correspond to distinct media, as shown by different expressions on the right-hand sides of the corresponding equations in systems (1)- (5) and (7)- (11) .
To quantify the strength of anisotropy of transversely isotropic media, we invoke the three Thomsen [6] parameters that are zero for isotropy and have absolute values much less than one for weak anisotropy, 
To examine the effects of anisotropy, we study dispersion curves for the closest isotropic counterpart, as formulated by Voigt [2] ; this formulation is an isotropic case of the Gazis et al. [10] average. The two elasticity parameters of the isotropic counterpart of a Backus medium are (Slawinski [9, ; (16) henceforth, this result is referred to as the Voigt medium.
Isotropic layers
Our study of quasi-Rayleigh and Love waves is conducted by examining their dispersion relations. For a Voigt medium isotropic layer of thickness Z with density ρ u , S-wave speed β u = c u 2323 /ρ u , and P -wave speed α u = c u 1111 /ρ u overlying an isotropic halfspace with density ρ d , S-wave speed β d = c d 2323 /ρ d , and P -wave speed α d = c d 1111 /ρ d , the dispersion relations for Love and quasi-Rayleigh waves are given in equations (2) and (17), respectively, of Dalton et al. [3] . Herein, these relations are coded in Mathematica ® and the dispersion curves are plotted as zero contours of the respective dispersion relations, which are purely real.
An insight into the dispersion relations based on the Backus [1] average is provided by comparing their curves to the dispersion curves computed for a stack of layers from which the Backus medium is obtained by averaging their properties. For a stack of isotropic layers overlying an isotropic halfspace, the dispersion relations for Love and quasi-Rayleigh waves are based on a propagator matrix, specifically, on the deltamatrix solution reviewed in Buchen and Ben-Hador [14] . These relations are coded in Python ® . In contrast to the Backus [1] average, the propagator matrix allows us to combine information about all layers while retaining their individual properties. To illustrate the root-finding process, in the left-hand plot of Figure 1 , we see the values of the determinant for the dispersion relation as a function of speed. Each curve corresponds to a distinct value of ω ; the black curve corresponds to ω = 70 s −1 . For each curve, the solution corresponds to v for which the determinant is equal to zero. The right-hand plot is a dispersion curve, where each point, (ω, v) , is a solution from the left-hand plot; the black dot at ω = 70 s −1 corresponds to the zero intercept of the black curve. More details are included in Meehan [15, 16] .
Weak inhomogeneity
Let us consider a weakly inhomogeneous stack of isotropic layers, whose elasticity parameters and corresponding velocities are given in Table 1 . (15) and (16) . The corresponding P -wave and S-wave speeds-which are the square roots of these parameters-are v P = 4.30 km s −1 and v S = 1.93 km s −1 . Following expressions (12), (13) and (14), we obtain γ = 0.09 , δ = −0.04 and = 0.01 . Since these values are close to zero, we conclude that-for the layer parameters in Table 1 -the resulting Backus model is only weakly anisotropic.
Strong inhomogeneity
Let us consider a strongly inhomogeneous stack of alternating isotropic layers, whose elasticity parameters and velocities are given in Table 2 .
Following expressions (1)- (5), we obtain c (12), (13) and (14), we obtain γ = 0.28 , δ = 0.08 and = 0.38 . Since these values are not close to zero, we conclude that-for the layer parameters in Table 2 -the resulting Backus model is strongly anisotropic.
Discussion
Figures 2-9 illustrate the dispersion curves for Love and quasi-Rayleigh waves for Backus media that are averages of isotropic layers, for Voigt media that are averages of these Backus media, and for delta-matrix solutions for the stack of these layers. In each figure, the left-hand plot exhibits a weakly anisotropic Backus medium and the right-hand plots exhibits a strongly anisotropic Backus medium; they are compared with either a Voigt medium or a delta-matrix solution.
In each plot, the lowest curve corresponds to the fundamental mode of a guided wave, the next curve to its first mode, and so on. For the fundamental mode, the speed values correspond to all frequencies, (0, ∞) ; higher modes have cutoff frequencies, whose values are greater than zero; the speeds of these modes correspond to (ω 0 , ∞) , where ω 0 > 0 . At the zero-frequency limit, the dispersion relation is affected only by properties of the halfspace; at the high-frequency limit, it is affected only by properties of the overlying medium; the intermediate region is affected by properties of the entire model. For the quasi-Rayleigh wave, the lower limit is the value of the Rayleigh-wave speed in the halfspace. For the Love wave, it is the S-wave speed in the halfspace. These issues are discussed by Dalton et al. [3] and Udías [11, p. 201] . However, we note that the highest frequency available in a seismic signal might not allow us to reach the required upper limit.
For both weakly and strongly anisotropic media, the mass density of the halfspace, which is isotropic, is ρ d = 2600 kg/m 3 , and its elasticity parameters are c The mass density of the layers-and, hence, of the resulting medium-is ρ u = 2200 kg/m 3 . In Figures 2-5 , the medium overlying the isotropic halfspace is five-hundred-metres thick; in Figures 6 and 7 , it is onehundred-metres thick; in Figures 8 and 9 , it is fifty-metres thick. Since, in each case, the Backus [1] average is taken over ten layers, the resulting Backus-medium parameters are not affected by the value of the total thickness, as illustrated by expression (6) . This value, however, affects the dispersion relations, as exemplified-for the isotropic case-by the presence of Z in expressions (2) and (17) of Dalton et al. [3] . Examining Figures 2 and 3 , we observe the effect of layer inhomogeneity on the dispersion curves of the quasi-Rayleigh and Love waves. As illustrated by the similarity of curves for the Backus and Voigt media, in the left-hand plots, the effect is negligible under weak inhomogeneity, which-for the Backus [1] averagebecomes weak anisotropy. As indicated by the discrepancy between these curves, in the right-hand plots, the effect, which is negligible near the cutoff frequency, becomes pronounced with the increase of frequency. The match is good at lower frequencies, since the dispersion relation is dominated by properties of the halfspace.
Examining Figures 4, 6, 8 , we see that there is a good match between the Backus media-both weakly and strongly anisotropic-and the delta-matrix solutions, but only for thinner layers or lower frequencies. Also, there is a good match in the second, third, and fourth modes for frequencies near the cutoff frequency for the thick layers in Figure 4 , where the speed approaches the S-wave speed in the halfspace. A similar pattern appears in Figures 5, 7, 9 .
Since both quasi-Rayleigh and Love waves exist in the model consisting of the same parameters, we can examine their dispersion curves that correspond to the same model. These are shown in Figures 4  and 5, Figures 6 and 7, Figures 8 and 9 ; each respective pair corresponds to a model of fifty-, ten-and five-metre-thick layers. Examining Figures 4 and 5 , for instance, we see that-for both weak and strong inhomogeneity-the match between the results of the Backus [1] average and the propagator matrix appears to be better for all modes of the Love wave, at lower frequencies, but, in the case of the quasi-Rayleigh wave, extends to higher frequencies.
Transversely isotropic layers
For a Backus medium transversely isotropic layer, the dispersion relations for quasi-Rayleigh and Love waves are given by setting to zero the determinants of the matrices in equations (29) and (30), respectively, of Khojasteh et al. [12] . These relations can also be derived by setting to zero the thickness of the liquid layer in equations (22) and (23) of Bagheri et al. [13] . In a manner analogous to expressions (2) and (17) of Dalton et al. [3] the properties of the layer consist of its thickness, mass density, and five elasticity parameters of a transversely isotropic continuum, c 1111 , c 1122 , c 1133 , c 1133 and c 2323 . The halfspace could be isotropic, in which case its properties would be the same as in expressions (2) and (17) of Dalton et al. [3] ; it could be also transversely isotropic.
Again, these relations are coded in Mathematica ® , but the dispersion curves are plotted as zero contours of the sum of the real and imaginary parts of the respective determinants.
For a stack of transversely isotropic layers overlying a transversely isotropic halfspace, the dispersion relation for quasi-Rayleigh waves is based on the reduced-delta-matrix solution of Ikeda and Matsuoka [17] , and the dispersion relation for Love waves is based on the delta-matrix solution reviewed in Buchen and Ben-Hador [14] but with pseudorigidity and pseudothickness defined as in Anderson [4] . These relations are coded in Python ® . The algorithm is similar to the delta-matrix solution, except with expressions for transversely isotropic continua, which contain five elasticity parameters, as derived by Anderson [4] and Ikeda and Matsuoka [17] .
Alternating layers on isotropic halfspace
Let us consider a stack of alternating transversely isotropic layers, given in Table 3 , where the parameters of the odd-numbered layers are from tensor C TI a of Danek et al. [19] and the parameters of the even-numbered layers are twice those of the tensor C TI bb of Danek et al. [19] . We chose these parameters to illustrate varying levels of anisotropy, quantified by parameters (12), (13) and (14) . We set the mass density of the layers to 2200 kg/m 3 , and use the same halfspace parameters as in Section 3.
Following expressions (7)- (11), we obtain c respectively. Since these values are close to zero, we conclude that-for the layer parameters in Table 3 -the resulting Backus model is only weakly anisotropic.
The quasi-Rayleigh wave dispersion curves for the stack of layers given in Table 3 are calculated by a Python ® code (Meehan [15] ) based on the reduced-delta-matrix solution of Ikeda and Matsuoka [17] . We compare these results to those obtained for the Backus medium of that stack by setting to zero the determinant of the matrix in equation (29) of Khojasteh et al. [12] . The left-hand plot of Figure 10 depicts the results for a stack of layers that are five-metres thick and the right-hand plot for a stack of layers that are fifty-metres thick. As expected, the match is better for thin layers or low frequencies.
We also calculate Love wave dispersion curves for the same stack of layers using the delta-matrix solution reviewed in Buchen and Ben-Hador [14] , but with the pseudorigidity and pseudothickness defined by Anderson [4] . We compare these results to those obtained for the Backus medium of that stack by setting the determinant of the matrix in equation (30) of Khojasteh et al. [12] to zero. The left-hand plot of Figure 11 depicts the results for a stack of layers that are five-metres thick and the right-hand plot for a stack of layers that are fifty-metres thick. Again, as expected, the match is better for thin layers or low frequencies.
The left-hand plots of Figures 10 and 11 correspond to one model; the right-hand plots correspond to another model. Thus, we can examine the match between the results of the Backus [1] average and the propagator matrix for stacks of layers that are five-and fifty-metres thick. For five-metre layers, the match is good, at all frequencies, for both quasi-Rayleigh and Love waves. For fifty-metre layers, the match is good for both waves at lower frequencies; at higher frequencies, the match is better for the quasi-Rayleigh wave.
Nonalternating layers on transversely isotropic halfspace
Let us examine the model of twenty transversely isotropic layers overlying a transversely isotropic halfspace used in Harkrider and Anderson [20] and in Ikeda and Matsuoka [17] , to which we refer as Model HA. Let us also examine a modified version of this model, to which we refer as Model HAS, where we reduce inhomogeneity. The mass densities and elasticity parameters of these models are given in Table 4 .
1 To compute the mean density, we use
For either model, we examine the case of layers whose thickness is five metres and the case of layers whose thickness is one metre. In the case of Model HA, which has a strong inhomogeneity, we examine Figure 12 to see that-for the case of layers that are one-metre thick, illustrated in the left-hand plot-the results for the Backus medium match the results for the delta-matrix solution for ω < 70 s −1 . This frequency corresponds to the wavelength of about 160 m , which is greater than the thickness of the twenty-layer stack and much greater than the thickness of individual layers. For the case of layers that are five-metres thick, illustrated in the right-hand plot, the results match only for the fundamental mode and for ω < 15 s −1 , which corresponds to a wavelength of about 700 m . Again, this wavelength is greater than the thickness of the twenty-layer stack and much greater than the thickness of individual layers.
Backus [1] derives the average under the assumption of κ 1 , where κ = ω/v and is the averaging width, as discussed by Bos et al. [7] . For one-metre layers, ω = 70 s For Model HAS, we examine Figure 13 to see that, for the case of one-metre layers, illustrated in the lefthand plot, the results for the Backus medium match the results for the delta-matrix solution for ω < 100 s −1 . For the case of five-metre layers, illustrated in the right-hand plot, the match is good only for ω < 20 s −1 , since, beyond this point, the discrepancy of values for v between two steep curves is significant.
Model HA and Model HAS do not include values of c 1212 or c 1122 , so we are unable to generate their Love-wave dispersion curves, which would be the counterparts of Figures 12 and 13 . Thus, herein, we cannot compare the behaviours of the quasi-Rayleigh and Love waves for nonalternating layers overlying a transversely isotropic halfspace. 
Conclusion
Comparing the modelling of guided waves using the Backus [1] average to modelling of these waves based on the propagator matrix, we obtain a good match for the fundamental mode in weak inhomogeneity of layers and, as expected, for low frequencies or thin layers.
For alternating layers, which is a common occurrence in sedimentary basins, the discrepancy between these two methods remains small, even for strong inhomogeneity. For higher modes, the difference remains small near the cutoff frequency.
For a stack of nonalternating transversely isotropic layers that is strongly inhomogeneous, the discrepancy is small only for the fundamental mode and for low frequencies or thin layers. The results become similareven for higher frequencies-if the layers become thinner and if the inhomogeneity is diminished. Also, in such a case, similar results are obtained for κ 1 , in spite of the underlying assumption, κ 1 . Let us comment on the results, in the context of conclusions presented in previous works. Liner and Fei [23] recommend the averaging length be less than or equal to one-third of the dominant seismic wavelength, which corresponds to κ 2 . This is the point at which the fundamental mode solutions shown in the right-hand plot of Figure 6 begin to diverge from one another. However, upon examining Figures 4-13 , we conclude that we do not have a single maximum value of κ at which the solutions begin to diverge; it depends on the context. For instance, for the fundamental mode, the maximum value of κ ranges from 0.80 , as is the case in the left-hand plot of Figure 12 , to 20 , in the right-hand plot of Figure 10 . Yet, for Figures 4-13 , the median value of κ at which the solutions begin to diverge is 2 , which is the value suggested by Liner and Fei [23] .
Mavko et al. [24] suggest the necessity for layers to be at least ten times smaller than the seismic wavelength, λ/h > 10 , where λ = 2πv/ω , with v standing for the propagation speed of the quasi-Rayleigh or Love wave, and h is the layer thickness. Again, examining Figures 4-13 , we conclude that we do not have a single minimum λ/h ratio, at which the solutions begin to diverge. For instance, for the fundamental mode, the minimum value of λ/h ranges from 3 , in the right-hand plot of Figure 10 , to 150 , in the left-hand plot of Figure 12 . For Figures 4-13 , the median value of λ/h at which the solutions begin to diverge is 28 , which is of the same order of magnitude as the value suggested by Mavko et al. [24] .
Capdeville et al. [25] state that the Backus [1] average is applicable only to a fine-scale layered medium, far from the free surface and from the source. Our results are consistent with the first part of that statement. However, in contrast to the middle part of that statement, for most cases, we obtain satisfactory results, even in proximity of the free surface. Results are degraded for Model HA due to near-surface low-velocity layers. We cannot examine the last part of that statement, which is the issue of source proximity.
In comparing the results obtained for a Backus medium to the results obtained for a Voigt medium, we can treat the latter as an approximation of the former. Both are viewed as analogies for the behaviour of seismic waves in thinly layered media. It is not the case in comparing the results obtained for a Backus medium to the results obtained with a propagator matrix. The latter is not restricted to the assumption of κ 1 . This restriction on the Backus [1] average is essential to its importance in modelling seismic response of thinly layered media. The purpose of this average is not to provide information about the material itself, but to model its response to a seismic signal. As such, the frequency where the discrepancy between the results obtained for a Backus medium and the results obtained with a propagator matrix becomes significant can be interpreted as the frequency beyond which the Backus [1] average ceases to be empirically adequate in the context of seismology. The adequacy of the propagator matrix depends on the frequency content of a seismic signal.
Results of this study, in particular empirical adequacy of modelling techniques, allow us to gain insight into the reliability of a joint inverse of the quasi-Rayleigh and Love dispersion curves for obtaining model parameters. A work on that subject is presented by Bogacz et al. [26] .
